Let G be a graph with n vertices and m edges, and also let µ i (i = 1, 2, · · · , n) be the eigenvalues of the Laplacian matrix of the graph G. The Laplacian energy of the graph G is defined as
Introduction
Let G = (V, E) be a simple graph with vertex setV (G) = {ν 1 , ν 2 · · · ν n } and edge set E(G). Let A(G) be the (0,1)-adjacency matrix of G and D(G) be the diagonal matrix of vertex degrees. The Laplacian matrix of G is L(G) =
D(G) − A(G).
The Laplacian matrix has nonnegative eigenvalues, which are denoted by µ 1 , µ 2 , · · · µ n , arranged in a non-increasing order, n ≥ µ 1 ≥ µ 2 ≥ µ 3 · · · ≥ µ n = 0 [1, 4, 5, 6 ]. When we consideration more than one graph, then we write µ i (G) instead of µ i . Let d i be the degree of the vertex v i for i = 1, 2, ..., n, d i is the number of edges associated with point v i in G. The maximum vertex degree is denoted by ∆. The intention for Laplacian energy stems from graph energy E(G) [5] , which is the sum of absolute values of the eigenvalues of its adjacency matrix. We have recently proposed an energy-like quantity LE(G), based on the eigenvalues of the Laplacian matrix of G [9] . The Laplacian energy of the graph G is defined as [5, 6] 
Laplacian energy is a broad measure of graph complexity. Song et al [8, 10] have introduced component-wise Laplacian graph energy, as a complexity measure useful to filter image description hierarchies. This paper is organized as followed. In section 2 , we start with showing some preliminary lemmas and theorems relies on the pigeonhole principle. Then, in section 3, we distinguish calculate the Laplacian energy and the upper and lower bound of the Laplacian energy of the thorn graphs of complete graphs K n , which are given by the methods of partitioning of matrices.
Preliminary Notes
In this section, we shall list some previously known results that will be needed in the next two sections. The eigenvalues of a real matrix X are the square roots of the eigenvalues of the matrix XX t , where X t represent the transpose of the matrix X. Then for the graph G with n vertices, we have
Lemma 2.1. [2, 3] Let X and Y be two n × n real matrices. Then
Lemma 2.2.
[9] Let G be a graph on n vertices which has at least one edge. Then the Laplacian eigenvalues are labeled so that µ 1 ≥ µ 2 ≥ · · · µ n ,then [12] Let G be a graph on n vertices with Laplacian spectrum
Results and Discussion
Let p 1 , p 2 , · · · , p n be positive integers, and G * be the thorn graph of the complete graph G, obtained from attaching p i new vertices of degree 1 to the vertex v i of the graph G(i = 1, 2, · · · , n) [11] . So the graph is established of
The principle of labeling vertices of the thorn graph of complete graph is the first of the complete graph vertices are labeled, then the marking method of the thorns are based on the principle of the vertices of complete graph , see Fig. 1 .
be a thorn graph of complete graph K n , is denoted by G. Then the upper bound of the Laplacian energy is given by
Proof. Note that
, we have (see also [7] )
By the Cauchy-Schwarz inequality, we have
So we can get
According to lemma 2.1, we get
According to the method of calculating the eigenvalues of the matrix, the trace of the matrix is the sum of the numbers on the diagonal of the matrix. So
From(5)(6)(7)(8), we get Using the above result, we get
Lemma 3.2. we found, under the number of thorn is the same, the eigenvalues of the Laplacian have a certain rule, because of the particularity of the complete graph K n , the characteristic of the matrix can be obtained, so the Laplacian eigenvalues of the thorn of K n have following rules. (a) If p i = p = 1, i = 1, 2, . . . , n, then µ n = 2, µ n+ n i=1 p i = 0. The sum of the another two different eigenvalues is equal to n + 2, and the number of the another two different eigenvalues are uniform.
The sum of the another two different eigenvalues is equal to n + p + 1, and the number of the another two different eigenvalues are uniform. Unlikely, the number of eigenvalues of 1 is equal to np − n. Besides, the average of degree d = n+2p−1 p+1
. We separately points to discuss.
For example, we can see Fig. 2 .
According to the above rules (a)(b), we can get the Laplacian eigenvalues of Figure 2 : µ 1 = 6.3723, µ 2 = 6.3723, µ 3 = 6.3723, µ 4 = 3, µ 5 = 1, µ 6 = 1, µ 7 = 1, µ 8 = 1, µ 9 = 0.6277, µ 10 = 0.6277, µ 11 = 0.6277, µ 12 = 0. 
Proof. Let G be a complete graph, G * (p 1 , p 2 , · · · , p n ) is a thorn graph of G. From the above considerations about its specific construction. Then the case (i), we get
and then,
Similarly, we suppose that the inequality holds in (9). Then we get the case (ii),
Theorem 3.4. Let G * is a thorn graph of complete graph G, which the number of thorn is the same. Then the Laplacian energy of G * are given by
Proof. According to the results in Lemma 3.2 (a)(b), we can get another result The Case (i) The definition of the average degree d(G) in G is equal to d = 2m n . So we can get
µ i + µ n + npd (10)
As µ i ≥ ∆ + 1, i = 1, 2, . . . , n − 1, µ n = p + 1 ≤ (n − 1)(1 + ∆) + p + 1 + npd.
The Case(ii) We suppose that the inequality holds in (10) . We get 
Conclusion
This paper calculate the upper and lower bound for the Laplacian energy of the thorn graphs of complete graphs, It is easy to verify for derivative graph of complete graph K n , and the method of partitioning of matrice is used to calculate. It is likely to conjecture the other graphs whether can be used. It would be interesting to study whether the block graphs combined together through a common vertex have similar conclusions or analogous conclusions.
